Abstract-In this paper, we characterize the worst-case interference for a finite-area TV white space heterogeneous network using the tools of stochastic geometry. We derive closed-form expressions on the probability distribution function (PDF) and an average value of the aggregate interference for various values of path loss exponent under Rayleigh fading channel. The proposed characterization of the interference is simple and can be used in improving the spectrum access techniques. Using the derived PDF, we demonstrate the performance gain in the spectrum detection of an eigenvalue-based detector for cognitive radio networks.
I. INTRODUCTION
Dynamic spectrum access by cognitive radios (CRs) is central to next-generation communication networks to bridge the scarce utilization of the spectrum by licensed services [1] . Efficient spectrum sensing is required to exploit the primary spectrum usage with a limited interference by secondary users on primary users. The knowledge of the interference statistics at primary and secondary receivers can limit the interference to the primary system by designing robust spectrumsensing mechanism. Aggregate interference in a heterogeneous secondary network is characterized by different types of services, network topology, operational behavior, and channel fading [2] .
There has been an extensive study to model the aggregate interference of noncognitive wireless networks [2] - [4] . However, the models of aggregate interference (such as the α-stable [3] and the Gaussian [4] ) developed for conventional networks are not applicable for CR networks because of the presence of the forbidden region around the primary receiver, and different behavior of CR network influenced by access mechanism, power control, and sensing mechanism [5] .
Specific to the CR network, there has also been lots of research interest to characterize the aggregate interference under Poisson point process (PPP) model [6] - [12] . A general mathematical framework for interference characterization in a CR network is presented in [6] . Babaei and Jabbari [7] derived the statistics of internodal distance between primary and secondary nodes and upper bounds on the mean of aggregate interference under the Gaussian assumption with a transmit power control on secondary nodes. Wen et al. [9] provided an approximation of the aggregate interference by the Gaussian random variable for a single scenario when the average number of nodes in the forbidden range is greater than 1. A cumulant-based statistical characterization of the interference aggregation of a CR network with spectrum-sensing effect was presented in [10] . The aggregate interference was characterized by the outage probability of primary users in [11] . The impacts of shadowing and small-scale fading on the interference are studied in [8] .
Chen et al. [12] characterized the interference by employing various interference management mechanisms such as power and contention controls. The aforementioned works characterize the aggregate interference under a very general framework in an infinite-area network in view of the tractability of desired mathematical expressions. On the other hand, the aggregate interference from a finite annular region in a heterogeneous network is more realistic and possesses several attributes for many practical applications [13] - [17] . The closed-form statistics of the aggregate interference are provided in [13] and [14] , only for a few special scenarios. For a general finite-area network, an asymptotic analysis of the aggregate interference is presented in [15] . Vijayandran et al. [16] presented closed-form expressions on the probability distribution function (PDF) of the aggregate interference for path-loss exponent α = 4. It is noted that the PDFs of the aggregate interference for other values of the path-loss exponent are not available in the literature, and it is desirable to characterize a wide range of propagation environments. Moreover, these papers presented complicated approximations and bounds on the distribution function of the aggregate interference using the moment-generating function (MGF).
Stochastic geometry provides an elegant way of analyzing the interference, outage probability, and capacity of wireless networks with random spatial patterns [18] , [19] . The tools of stochastic geometry have been used for the analysis of various wireless networks such as multitier cellular network [20] , heterogeneous cellular network [21] , and multicluster networks [22] . We use the stochastic geometry for a finite-area CR network and extend the MGF approach to characterize the aggregate interference.
In this paper, we study to characterize the worst-case interference for a finite-area TV white space heterogeneous network using the tools of stochastic geometry under Rayleigh fading channel. The derived complimentary cumulative distribution function (CCDF) has a simple form, which can be used to obtain the outage performance of the network. We derive closed-form expressions on the PDF of the aggregate interference for various values of the path-loss exponent α = {2, 3, 4, 6}. The derived PDF is useful in improving the spectrum-sensing techniques, and power control for CR networks. We also derive the expected value of the aggregate interference for a receiver impacted by randomly distributed transmitters.
II. SYSTEM MODEL
We consider a simplex system, in which the primary receivers are passive (e.g., terrestrial TV network) and in which the cognitive users 1937-9234 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. form a distributed and heterogeneous ad hoc network. The primary receivers are within the coverage area of radius r dec . The secondary transmitters are assumed to be distributed over the Euclidean space R 2 according to the PPP Φ. We define a forbidden range as A fi = A(0, r fi ), where r fi denotes the radius of the contention region within which no secondary transmission is allowed, and A f = ∪ i A fi as the protection region of radius r p , where A denotes an area measure. We define a victim receiver (either primary or secondary) located at the origin C 0 (0, 0) of Φ, which can be affected by randomly distributed primary and secondary transmitters from a finite-area network of radius r max . Here, r max should be chosen such that the mean interference generated by the finite secondary network matches up to a factor to that from an infinite network r → ∞. Considering the protection region of radius r p , the CRs within the shaded lune ABA EA only contribute to the aggregate interference to the victim receiver, as shown in Fig. 1 . It is noted that the victim receiver is affected severely by nearby secondary transmitters and the primary transmitter located at C 1 . Using the polar coordinates (r, θ), we define r as the radial distance between the victim receiver to one of the CR transmitters in the lune and θ as the angle between the line joining the intersection of circles centered at C 0 and C 1 (u and v are the coordinates of intersection) and the victim receiver to the line joining the victim receiver and one of the CR transmitters from the lune. From Fig. 1 , it can be seen that θ 1 and θ 2 denote the maximum angle from the upper half of lune ABEA and lower half of lune BA EB, respectively, such that the area under the whole shaded lune can be computed by considering 0 ≤ θ ≤ θ 1 + θ 2 and 0 ≤ r ≤ r max .
The interference at a victim receiver located at an arbitrary location z from CR transmitters is
where P x is the transmit power of the CR located at x; h x is the channel gain; l(z − x) = ||z − x|| −α is the path-loss function with α as the path-loss exponent assumed to be same in all the directions for a given network [2] , [16] .
III. STATISTICS OF AGGREGATE INTERFERENCE
In this section, we derive closed-form expression of the PDF and the expected values of aggregate interference.
A. PDF of Aggregate Interference
We use the Laplace transform (LT) to characterize the interference [2] , [11] . Considering the transmit power of the CRs to unity and using ||x|| = ||z − x|| , the conditional LT of the interference, L
E(e −sI(z) ) in (1) excluding the origin O(0, 0) from the PPP, which is the location of the victim receiver, is derived as follows:
where E h (·) denotes the expectation over channel realizations, f (x) = h x ||x|| −α ; Λ(.) is the intensity function of the PPP;G(.) denotes the conditional probability generating functional (CPGFL) [18] .
Since the CPGFL of the PPP satisfiesG(.)=G(.), where G(.) denotes the CPGFL excluding the origin, we have
where we use
, which is the LT of the interference including the origin; λ denotes the intensity of the PPP; E h denotes the expectation over fading channel; integration depicts the average over Φ.
Considering the protection and forbidden region as defined in the system model, the maximal aggregate interference comes from the transmitters in the shaded region A 1 , as shown in Fig. 1 . First, we consider region A max of radius r max , and use Campbel theorem [2] to get
where
For an infinite-area network r max → ∞, (5) can be calculated as follows [2] :
To calculate the LT of the aggregate interference in shaded lune ABA EA from Fig. 1 , we convert the integration in (5) into polar form by computing the ranges of r and θ. From Fig. 1 , it can be seen that 0 ≤ r ≤ r max and 0 ≤ θ ≤ θ 1 + θ 2 . Using the intersection of circles 
where factor 2 is due to the symmetry of θ 1 and θ 2 . Solving the above integral in terms of standard Gamma function Γ, using E(h η ) = Γ(1 + η) for Rayleigh fading channel h [2] , and substituting in (5), we get the following:
The expression in (8) denotes the CCDF of the interference, which provides the worst-case outage probability both for primary and secondary receivers. In order to derive the PDF, the inverse LT of (8) is required. Since the inverse LT of the form in (8) can be represented in well-known mathematical functions for path-loss exponents of 2, 3, 4, and 6 [23] , the PDF f (I) of the aggregate interference for these values of α is given as
where U (.) is confluent hyper-geometric function; A i (.) is the Airy function as defined in [23] . It is important to note that we get the same expression for the PDF when α = 4 as that in [16] . In the deployment stage of CR systems to exploit the TV white spaces, network operators need to predict the achievable performance in various deployment and network scenarios. The average signal to interference and noise ratio (SINR) received by users, which is one of the important parameters in determining the network performance, is given as follows:
where S denotes the signal power and N 0 the additive noise. In real systems, the SINR is implemented in a digital signal processor of a CR, and its values are accessed in software. The implementation of SINR in a real system is possible since the derived PDF expressions of the interference in (9) are simple and are in the form of well-known mathematical functions. It should be emphasized that path-loss exponents of 2, 3, 4, and 6 represent many path-loss scenarios encountered in practice.
B. Expected Value of Aggregate Interference
The expected value of the aggregate interference is given byĪ =
I=∞ I=0
If (I)dI, which can be evaluated numerically for different values of α in (9) . In order to derive closed-form expressions, we consider the upper limit of the integration as I max , where I max ≥ I temp . Here, I temp denotes the interference temperature. For α = 2 and α = 4, the expected value of the aggregate interference is given as
where erfc denotes the complementary error function. Fig. 2 . Probability density function of the aggregate interference for α = 4 and α = 6 at various node densities, λ. The first sub-plot for α = 4 has the same PDF obtained as that in [16] .
However, for α = 6, we use the asymptotic approximation of the following Airy function [24] :
Using the approximation on the Airy function in (12) , the average of aggregate interference for α = 6 is given bȳ
I max ).
For α = 3 involving the confluent hyper-geometric function U (.), we fix r max to a constant value, say 3.4 such that K = 0.5598, and the hyper-geometric function reduces to a standard gamma function. Hence, for r max = 3.4 and α = 3, the average of aggregate interference is given byĪ
where Γ −1 denotes the inverse Gamma function.
IV. SIMULATION RESULTS
In this section, we demonstrate the performance of the proposed interference characterization using MATLAB simulations. We use r max = 3.5 km, r p = 71 km, and r dec = 70 km keeping in view the realistic scenarios that consider the coexistence of cognitive devices with the terrestrial TV network.
We plot the PDF of aggregate interference for various values of node density λ and path-loss exponents α, as shown in Fig. 2 . It can be seen that the proposed analysis excellently matches with the simulation results, thereby emulating a finite-area CR network. The plots also show that aggregate interference has non-Gaussian distribution, which is consistent with the PDF equation in (9) . It can be seen from Fig. 2 (for α = 4) that the tail of PDF becomes thicker with an increase in the node density. The thickening of the tail means that the interference over the region approaches to a uniform distribution since node distribution converges to a uniform distribution with an increase in the node density. However, this does not happen with the PDF of interference at α = 6. Fig. 3 . Impact of uncertainty on the detection probability at δ = 2.62, falsealarm probability P fa = 0.1, number of samples N = 100000, and α = 4.
Here, the PDF falls off very fast (i.e., nearly exponential) compared to that of the PDF with α = 4.
The closed-form expressions of the aggregate PDF in (9) can be used to improve the detection probability for spectrum access. We consider the maximum-minimum eigenvalue spectrum detector where a detection threshold value was designed on the basis of the Gaussian assumption of the interference in [25] . The detection threshold value can be optimized for a non-Gaussian interference using the distributional uncertainty defined in [26] as follows:
Using the uncertainty factor, δ, computed as 2.62 (4.183 dB) obtained by the aggregate PDF in (9) for α = 4, the updated detection threshold shows an improvement in the detection probability at a very low SINR as depicted in Fig. 3 . This improvement means that the same detection performance can be obtained with a fewer number of samples.
V. CONCLUSION AND FUTURE WORK
We have derived the closed-form expressions on the distribution of the aggregate interference under Rayleigh fading channels for various values of path-loss exponent, α = {2, 3, 4, and 6}. The derived distribution is shown to be non-Gaussian for the worst-case aggregate interference. The proposed characterization of the interference is simple. This can be used in improving the spectrum access techniques and for the capacity analysis in CR networks. We also derived the expected values of the aggregate interference, which can be helpful in designing robust spectrum-sensing techniques for CR networks. The derived approximation on the CCDF and PDF of the aggregate interference are simple to evaluate and can be implemented in practical systems.
